We exhibit a new consistent dimensional reduction of pure Einstein gravity when the compactification manifold is S 3 . The novel feature in the reduction is to consider the two three-dimensional groups of motions that S 3 admits. One of the groups is introduced into the dimensional reduction in the standard way, i.e. through the Maurer-Cartan 1-forms associated to the symmetry of the general coordinate transformations. The another group is dictated by the symmetry of the internal tangent space and it is introduced into the dimensional reduction through the linear adjoint group. The gauge group of the obtained theory in the lower-dimension is SU (2)×AdSU (2). We show that this theory admits a self-dual (in both curvature and spin connection) domain wall solution which upon uplifting to the higher-dimension results to be the Kaluza-Klein monopole. This discussion may be relevant in the dimensional reduction of M -theory, string theory and also in the Bianchi cosmologies in four dimensions.
Introduction
of some d-dimensional homogeneous space, G/H, on which G can act, it is necessary to associate the motions of G/H with frame rotations. This requires that the stability group, H, be embedded in the tangent space group SO(d).
Our main motivation for the introduction of this new dimensional reduction is to get a better understanding of recent results concerning domain wall solutions to eight dimensional gauged supergravities [26] [27] [28] and the relation of these solutions to the classification of three-dimensional compactification manifolds, both, locally (Bianchi classification [29] ) and globally (Thurston classification [30] ). The different eight-dimensional gauge supergravities [27, 31] arise from group-manifold reductions of the eleven-dimensional supergravity [32] over different three-dimensional compactification manifolds. In the d = 3 case we have the extra bonus that we are free to use many of the results available in the vast literature concerning Bianchi cosmologies, which can be considered as manifold-reductions of four-dimensional pure Einstein gravity to one space-time dimension [33] .
In this paper we shall exhibit the similarities and differences obtained from the dimensional reduction of the Einstein-Hilbert action in (D + 3)-dimensions over the two topologically inequivalent three-dimensional Bianchi type IX compactification manifolds M 3 [34] . We shall argue there is a relation among the type of dimensional reduction and the compactification manifold under consideration. M 3 = RP 3 is related to the groupmanifold reduction and M 3 = S 3 to the new dimensional reduction. Furthermore, we shall discuss the domain-wall type solutions of the reduced theories in D-dimensions and their uplifting to (D +3)-dimensions. From the (D +3)-dimensional point of view these solutions are of the form R D−2,1 × M 4 . It is a well known fact that by performing a group-manifold reduction, the system of equations obtained by require self-dual spin connection in M 4 results to be the "Belinsky-Gibbons-Page-Pope" first order system [35] . As a result we show that by performing the new dimensional reduction the self-duality spin connection condition leads to the "Atiyah-Hitchin" first order system [36] . As a consequence the Ddimensional theory admits a self-dual (in the spin connection) domain wall solution which upon uplifting to (D + 3)-dimensions leads to the Kaluza-Klein monopole.
The outline of the paper is as follows. In section 2 we perform the S 3 dimensional reduction of the (D + 3)-dimensional Einstein-Hilbert action. We start in 2.1 summarizing the discussion about dimensional reduction of the general coordinate transformations given in [5] . In 2.2, we introduce the new parametrization of the vielbein and we compare it with the parametrization made in the group manifold reduction. We perform the dimensional reduction of the spin connection and the action in 2.3. In section 3 we obtain the domain wall solutions of the reduced action. We start analyzing the solutions to the second order differential equations of motion in 3.1 and in 3.2 we discuss the domain wall solutions from the point of view of the self-dual spin connection condition. We conclude the section in 3.3 writing down the first-order Bogomol'nyi equations associated to the lower-dimensional action. Our conclusions and a brief discussion are given in section 4. In appendix A we give explicitly the different quantities involved in the reduction.
S 3 dimensional reduction
In this section we exhibit the S 3 dimensional reduction of the (D +3)-dimensional EinsteinHilbert action by consider explicitly that S 3 is invariant under two three-dimensional simply transitive groups of motions which commute and are reciprocal to each other, so generating its full group of isometries [20] . In contrast, the S 3 = SU(2) group-manifold reduction considers that the compactification manifold is invariant only under a three-dimensional isometry group G 3 [3, 5] .
In the following discussion we assume a (D+3) split of the (D+3) space-time coordinates xμ = (x µ , z α ) where µ = {0, 1, . . . , D − 4} are the indices of the D-dimensional space-time and α = {1, 2, 3} are the indices of the internal coordinates. The corresponding flat indices of the tangent space are denoted byâ = (a, m). The group indices are also denoted with the letters m, n, . . . ,. We work in the conventions of [27] .
General coordinate transformations
In the vielbein formalism, the (D + 3)-dimensional Einstein-Hilbert action
is invariant under the general coordinate transformations
As usual,ê is the determinant of the vielbein,R the Ricci scalar,ω the spin connection and LK denotes the Lie derivative along the infinitesimal vector field parametersK.
As it has been pointed out in [5] , the group-manifold reduction is uniquely specified by choosing the internal coordinate dependence of the parametersKμ(x, z). If they are taken asK
where U α m (z) are either GL(3, R) matrices or a SU(2) matrix which can be interpreted as the components of the left invariant Maurer-Cartan 1-forms σ m ≡ dz α U α m (z), an arbitrary three-dimensional Lie algebra can be extracted out of the group of general coordinate transformations in (D + 3)-dimensions. The algebra of general coordinate transformations 
which means that the parameters of an internal transformation are space-time scalars. Finally, the commutator of two internal transformations with parameters K m 1 (x) and K m 2 (x) produces a new internal transformation with parameter K 5) are the structure constants of the three-dimensional Lie group G 3 , whose Lie algebra g 3 is given by 6) and the f mn p 's satisfy the Jacobi identity f [mn q f p]q r = 0. After apply the group-manifold reduction [3, 5] the simply transitive three-dimensional Lie algebra (2.6) becomes the algebra of the gauged group in the lower-dimensional theory. It turns out that in three dimensions there exists eleven different ways to choose the structures constants [29, 37] . In some cases the relation between the algebra (2.6) and the internal manifold is one-to-one. For example, there is only one three-dimensional manifold whose Lie algebra structure constants vanish f mn p = 0. This manifold is the three-torus T 3 and the gauge group is U(1) 3 . However there are cases in which the relation is not one-to-one. An example of this are the two topologically inequivalent Bianchi type IX manifolds RP 3 and S 3 which have the same Lie algebra (2.6) with f 12 3 = f 23 1 = f 31 2 = 1. Topologically RP 3 is S 3 with antipodal points identified and the corresponding G 3 group is SO(3) (the maximal compact subgroup of SL(3, R)). In the case of S 3 the corresponding G 3 Lie group is SU (2) . Explicitly the Killing vectors K m are given by
7)
At this point, apart of the different values that the internal coordinates can take, the G 3 group-manifold reduction can not distinguish among the manifolds RP 3 and S 3 because they have the same Lie algebra (2.6). However if the compactification manifold is S
Parametrization of the vielbein
The next step in the dimensional reduction procedure is to make a suitable parametrization of the group-invariant vielbein in terms of lower-dimensional fields. The parametrization includes internal coordinate dependence dictated by the symmetries of the theory. When the group manifold owns only a G 3 group of motions, the general coordinates transformation is the only symmetry that can be used in the parametrization. If the group of motions is G 6 , exists an additional symmetry given by SO(3) rotations in the local tangent space. The parametrization for the second possibility iŝ
where c 1 and c 2 are constants whose values are
and
1 . The A µ 's are gauge fields and L α p (x, z) is a 3 × 3 matrix whose internal coordinate dependence is given by
The novel ingredient in the parametrization (2.12) is the introduction of the orthogonal matrix Λ(z) which is taken in the adjoint representation of the three-dimensional Lie algebra g 3 of the previous section [20, 21] . The property of orthogonality indicates that Λ(z) is indeed a rotation in the internal tangent space. The matrix Λ satisfies the equation
where the matrices R m are the generators of gl(3, R) and are given by the adjoint representation of the parameters of the internal transformations,
The vielbein parametrization of the group-manifold reductions differs from (2.12) in the matrix Λ(z), i.e. whereas the S 3 dimensional reduction takes into account the quotient SU(2)/SO(3), the group-manifold reduction only considers the group SU(2) [3, 5] . The parametrization of the vielbein can be rewritten in the shorter form
The equation (2.13) in the S 3 dimensional reduction plays an analogous role to the one played by the equation (2.5) in both kind of reductions (group-manifold and S 3 dimensional reduction), i.e. they allow to factorize out the internal dependence in the transformation laws. This means for instance that upon reduction
and L m n (x) transform as scalars whereas e µ a (x) and A µ m (x) transform as vectors and under an internal transformation K m (x) the fields e µ a (x) and ϕ(x) do not transform whereas the fields A µ m (x) and L m n (x) transform in the following way
The conclusion from the first equation is that the A µ m 's are gauge potentials for the corresponding gauge group G 3 whose Lie algebra is (2.6). In (2.18) we have the first consequence due to the introduction of Λ(z) in the parametrization of the vielbein. Additional to the usual term f mp q L q n originated by the equation (2.5) and related to the gauging of the SU(2) Lie algebra (2.6), we have the new term L m q (R p ) q n originated by the equation (2.13) and related to the gauging of the SO(3) =AdSU(2) Lie algebra (2.14). These two terms shall be part of the covariant derivative of the scalar fields L m n . Using the vielbein parametrization (2.10)-(2.12) we can rewrite the eleven dimensional interval in the way
where
scalar coset of the internal space and can be interpreted as the internal "triad". It transforms under a global SU(2) acting from the left and a local SO(3) symmetry acting from the right. In contrast
is the SO(3) invariant metric of the internal manifold and it is parameterized by the same scalars. At this point it is clear that if always are considered quantities that only depend of the internal metric M mn , it is not possible to use explicitly the SO(3) internal tangent space symmetry. Examples of such quantities are the action and second-order equations of motion. For the GL(3, R) group-manifold reduction such a symmetry does not exists. However for the S 3 dimensional reduction such a symmetry exists and we must consider it, in order to ensure that we are performing the reduction over the correct manifold. The additional symmetry shall be reflected in geometrical quantities whose definition is given in terms of L m n , such as the spin connection. The main result of this paper is to realize that it is possible to consider the matrix Λ(z) in a consistent dimensional reduction scheme.
A related indication of the importance of consider the internal tangent space symmetry is the role that Λ(z) plays in the complex structure of the internal space. When D = 1 and the metric has Euclidean signature was shown in the context of left invariant models [38] , that the difference in the transformation rules of the complex structure for the SO(3) invariant Eguchi-Hanson metric [39] and the SU(2) invariant Taub-NUT metric [40] is described precisely by Λ(z).
It is clear that work in the vielbein formalism not only has the advantage of simplify the calculations, but also, it involves the natural parametrization of the scalars fields L α m (x, z) when the S 3 dimensional reduction is considered. Upon reduction the independence of the internal coordinates z α is guaranteed because it is factored out in any quantity. Explicitly, ifT (x, z) is a (D + 3)-dimensional field, upon reduction for each index α or m that it contains, the internal dependence appears in one of the following wayŝ
In these expressions t(x) are the corresponding expressions ofT in the D-dimensional space-time. Since in the action all the indices are contracted, the internal dependence vanish.
The D-dimensional action
Once discussed the general characteristics of the vielbein parametrization, we proceed to dimensional reduce the (D + 3)-dimensional Einstein-Hilbert action.
As we have argued, it is important to perform the dimensional reduction in the vielbein formalism. The important quantities in this case are the components of the spin connection ωâb. By using the parametrization (2.10)-(2.12), the (D + 3)-dimensional spin connection is upon S 3 dimensional reduction
23)
In these expressions F m = 2∂A m − f np m A n A p is the gauge vector field strength, the scalar functions F and R are defined as
mn , whereas the covariant derivative of the SU(2)/SO(3) scalar coset is given by
Notice that as anticipated, the covariant derivative of the scalar coset reflects the gauging of the two Lie algebras under consideration. The second term corresponds to the SU(2) gauging of the internal coordinate symmetry whereas the third one corresponds to the SO(3) gauging of the internal tangent space symmetry.
Using the reduced spin connection it turns out that the reduction of the (D + 3)-dimensional action is
where V is the scalar potential 26) and C the group volume defined by C(SU(2)) = d 3 z det (U α m ) = 16π 2 . In this expression of C we have used the property that det Λ = 1. From the covariant derivative of the scalar coset (2.24), it is direct to compute the covariant derivative of the internal metric M 27) which reflects its SO(3) invariant character.
In conclusion, the two differences produced by apply the S 3 dimensional reduction with respect to the group-manifold reduction (apart of the different values that the internal coordinates can take) are reflected in the term (R p ) mn of the spin connection ω mn and in the extra SO(3) gauging of the covariant derivative of the scalar coset (2.24).
As we have argued these differences are not manifest in the reduced action and therefore in the equations of motion neither. The reduced Lagrangian has the same functional form independently of the dimensional reduction used (group-manifold or S 3 ). The result is quite logic because the symmetry of the general coordinate transformation is of the same type for both reductions.
Bianchi type IX domain-wall solutions
In this section we briefly discuss the domain wall solutions to the D-dimensional action (2.25). The solutions were given originally for the case D = 1 and Euclidean signature in [34] . We shall keep in the following discussion the generic dimension D.
The action and the equations of motion
After dimensional reduction the D-dimensional field content is {e µ a , L m n , ϕ, A m }. The five dimensional scalar coset L m n contains two dilatons and three axions. An explicit representation of L m n in terms of the five scalars can be found in [26, 27] . In order to simplify the discussion is convenient to consider the following consistent truncated parametrization of the scalar coset
where we have set the axions to zero. In terms of the dilaton fields, the action can be rewritten in the following way
We are interested in solutions of cohomogeneity one also known as domain wall solutions. These are solutions of the theory in the truncation A µ = 0 that only depend on one spatial coordinate orthogonal to the compactification manifold, hence we take the following ansatz ds
In the beginning because the ansatz, we have D + 3 non-trivial second order equations of motion for the fields, D of them corresponding to the diagonal components of the metric tensor g µν and three corresponding to the scalar fields ϕ, φ and σ. However it turns out that only two of the equations of motion for the metric tensor are independent, the ones for g yy and the one for g 00 (the other (D − 2) for g ii are the same as the equation of motion for g 00 ). It is direct to show that by take f (y) = e −c 1 ϕ the equation of motion for g 00 becomes the same as the equation of motion for the scalar field ϕ reducing the system to four independent equations of motion. By the additional choice g(y) = e (3c 2 −c 1 )ϕ we can simplify the equations to the simpler form
This system of equations was studied long time ago [34] and its solutions are well known. In order to make contact with the original literature we introduce a change of variables in the following way
, c(y) ≡ e c 2 ϕ+
Notice that a, b, and c are positive variables. In terms of them the action reads
(3.7) The four equations of motion are 8) plus the two equations obtained by cyclic permutation of (a, b, c) and
In these variables the eight dimensional interval (3.4) can be rewritten as 10) and upon uplifting, the (D+3)-dimensional space-time is of the form R D−2,1 ×M 4 , explicitly
The D-dimensional domain-wall solution and the manifolds M 4 are completely given by the three positive functions a(y), b(y) and c(y) satisfying the equations (3.8) and (3.9). The solutions describe cohomogeneity one self-dual solutions to the four dimensional Euclidean Einstein gravity in empty space. We are not going to discuss the whole list of manifold solutions M 4 . To our purpose is enough to mention that some interesting solutions are the BGPP metrics [35] , the self-dual Taub-NUT metrics [34, 40] and the Eguchi-Hanson metrics [39, 41] .
The self-dual spin connection
As we have mentioned the manifolds M 4 are cohomogeneity one self-dual solutions to the four dimensional Euclidean Einstein gravity. The self-dual character means that for these manifolds the four dimensional curvature is self-dual (R IJ = R IJ ). It was recognized that a set of first integrals of the second-order equations of motion could be obtained directly without integration by demanding that the connection 1-forms of the metric in the basis (abcdy, aσ 1 , bσ 2 , cσ 3 ) be self-dual (ω IJ = ω IJ ) [39] . This set of three equations is known as the BGPP system [35] 2 ∂ y a a = −a 2 + b 2 + c 2 , and cyclic. (3.12)
When the three invariant directions are different, i.e. a = b = c the equations (3.12) admit the BGPP metrics as solutions [35] whilst when two of them are equal i.e. (a = b = c) admit the Eguchi-Hanson metrics as solutions [39, 41] . It happens that if we apply the group-manifold reduction, the spin connection is such that by require self-duality we get the equations (3.12). As discussed in [41] , for the four dimensional Euclidean gravity, self-duality in the spin connection is both a sufficient condition for the self-duality of R IJ and hence for solving the Einstein equations, and necessary in the sense that if R IJ =R IJ is satisfied, one can always transform ω IJ by an O(4) gauge transformation into the form ω IJ =ω IJ . The advantage to do this is that we deal with first order instead of second order differential equations.
We define the dual of the spin connection aŝ
where I, J = {y, 1, 2, 3} and ε y123 = 1. Upon S 3 dimensional reduction we have six independent non-vanishing components of the spin connection (ω ym ,ω mn ). By require selfduality in these components of the spin connection (2.23) we get three independent first order differential equations
14)
Or in terms of the variables a, b and c we have
, and cyclic. (3.15) It is important to stress that the contribution due to the term (R m ) np in the above equations are the terms like −2bc . The system of equations (3.15) is known as the Atiyah-Hitchin first order system [36] and can also be obtained as a set of first integrals to the self-dual curvature condition. When two of the tree invariant directions are equal i.e. (a = b = c) this system admits the Taub-NUT family of metrics as solutions [34] . This result should not be surprising, as fact in [42] was shown that if the four dimensional metric is related to the general class of multi-instantons obtained in [43] , the self-duality condition in the spin connection implies that the metric is self-dual Ricci flat. Depending of the election of a constant parameter, the multi-instantons become either the multi Taub-Nut metrics or the multi Eguchi-Hanson metrics. The same result was obtained in the context of three-dimensional Toda equations [44] . Now we have a clear picture of the relation between the two different Bianchi type IX dimensional reductions and the domain wall type solutions of the reduced theory. Because the equations of motion are the same in both cases, the domain wall solutions coincide as well. However from the first order differential equations point of view, the solutions are divided into two disjoint sets. One of these sets is given by the metrics that solve the BGPP system (3.12) and the another one by the metrics that solve the Atiyah-Hitchin system (3.15). If we reduce applying the group-manifold reduction the domain walls that solve the BGPP system are self-dual in both the curvature and the spin connection whereas that the metrics in the another set of solutions are self-dual only in the curvature. If instead we reduce applying the S 3 dimensional reduction the conclusion is the opposite. The possibility of relate the different first-order systems with the inclusion (or not) of the matrix Λ was already suggested in [24, 38] .
It is well known that in the case that a, b and c are positive variables, one of the EguchiHanson metrics and one of the Taub-NUT metrics are the only complete non-singular SO(3) hyper-Kähler metrics in four dimensions [34, 45] , both of them are obtained in the case in which two of the invariant directions are equal. From the (D + 3)-dimensional point of view these two solutions correspond to R D−2,1 × M 4 with either M 4 the Eguchi-Hanson metric [39] whose generic orbits are RP 3 [35] or the self-dual Taub-NUT solution whose generic orbits are S 3 [40] . In the latter case, the complete (D + 3)-metric is known as the Kaluza-Klein monopole [46, 47] . We summarize these conclusions in table 1.
Consistent
Gauged 
First order equations and the superpotential
As established in [42] , the Lagrangian of the action (3.7) can be written as 16) where α m ≡ (ln a, ln b, ln c) and W is a superpotential given by
The case λ 1 = λ 2 = λ 3 = 0 is related to the group-manifold reduction whereas the case λ 1 = λ 2 = λ 3 = 1 is related to the S 3 dimensional reduction. In the literature concerning domain wall solutions is usual to write down the superpotential in terms of the original variables, i.e. in terms of the dilatons. The inverse variable transformation of (3.6) is
It is straightforward to show that in terms of the superpotential and the dilatons, the potential satisfies the property
It is also possible to write down the BGPP first order system (3.12) and the Atiyah-Hitchin first order system (3.15) in terms of the dilatons and the superpotential. The equations in this case become ∂ϕ ∂y 20) which are related with first-order Bogomol'nyi equations (see for example [48] [49] [50] [51] and references therein).
Discussion and Conclusions
In this paper we have introduced a consistent dimensional reduction of Einstein pure gravity on S 3 and we have clarified the relation between the different dimensional reductions on Bianchi type IX manifolds and the properties of the domain wall solutions that the reduced theory allows. This relation can be relevant if we are working with a formulation of gravity in which the fundamental field is the vielbein instead of the metric, for instance, in supergravity. As an example we mention that the SO(3) eight-dimensional supergravity obtained by apply the group-manifold reduction to the eleven-dimensional supergravity has a domain wall solution whose properties are to be both self-dual in the spin connection and 1/2 BPS [26, 27] . This happens because the equations that are obtained by require self-dual spin connection (3.12) are exactly the same that the ones obtained by require a 1/2 BPS solution to the fermionic transformation rules. The uplifted solution is 1/2 BPS except for an especial case which uplift to eleven-dimensional flat space and hence becomes fully supersymmetric (it corresponds to have equal invariant directions a = b = c). A disturbing fact is that the Kaluza-Klein monopole is also 1/2 BPS in eleven dimensions, however by reduce it applying the group-manifold reduction with SU(2) isometry group, the supersymmetry in eight dimensions becomes fully broken. This happens because in the frame of the group-manifold reduction this solution does not have self-dual spin connection in eight-dimensions. Due to the results of this paper we believe it is posible to construct an eight-dimensional SU(2)×AdSU(2) gauged supergravity if we apply the S 3 dimensional reduction to the eleven-dimensional supergravity. We expect that this gauged supergravity owns a 1/2 BPS domain-wall solution which upon uplifting should becomes the eleven-dimensional Kaluza-Klein monopole. The new gauged supergravity should has the same eight-dimensional action and therefore the same second order differential equations as the one obtained by apply the group-manifold reduction, but it should has different supersymmetric transformation rules for the dilatinos. We expect this due to two reasons, the first one is because the supersymmetric transformation rules for the dilatinos are the ones that upon reduction of the original eleven-dimensional transformation rules involve the internal components of the spin connection and second because these equations are precisely the ones that give origin to the same set of equations that the condition of self-dual spin connection. Both reasons can be putted together in the property that the reduced action admits a superpotential formulation. Apart of these differences we also expect to have a different structure for the fermionic parameter if we want it be a solution of the new susy rules, this happens because only the BGPP metrics allows a covariantly constant spinor that is independent of the SO(3) isometry directions [52] . We should consider an internal coordinate dependent fermionic parameter as a combination of the Killing spinors of the internal manifold using the tools developed in [53] 2 . These issues are currently under research and will be discussed in a forthcoming paper. The tools used in this paper are not exclusive to three-dimensional compactification manifolds and it would be interesting to see whether the generalization to other dimensions is possible [21] .
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